We show that the Rezk classification diagram of a relative category admitting a homotopical version of the two-sided calculus of fractions is a Segal space up to Reedy-fibrant replacement. This generalizes the result of Rezk and Bergner on the classification diagram of a closed model category, as well as the result of Barwick and Kan on the classification diagram of a partial model category.
Introduction
It is now commonly understood that one has a (generalized) homotopy theory whenever one has relative category, i.e. a category equipped with a subcategory of distinguished morphisms to be thought of as weak equivalences. The name 'relative category' is due to Barwick and Kan [2012] , but the idea already appeared implicitly in a paper of Dwyer and Kan [1980a] , in which the simplicial localization of a relative category was defined. Simplicial localization should be regarded as a homotopy-theoretic refinement of the usual procedure of freely inverting weak equivalences in a relative category, where instead of adjoining on-the-nose inverses for weak equivalences, one adjoins up-to-homotopy inverses. Of course, in doing so, one ends up also adjoining homotopies to the original category, which is one reason why we say the result of simplicial localization is a homotopy theory.
One particularly elegant reification of the concept of 'homotopy theory' is the notion of 'complete Segal space' introduced by Rezk [2001] : these are simplicial spaces (or more accurately, bisimplicial sets) that are Reedy-fibrant and satisfy certain conditions. These should be regarded as a homotopy-theoretic version of categories-in other words, as (∞, 1)-categories. In op. cit., Rezk defined for any relative category C the classification diagram N(C) • , a simplicial space whose n-th level classifies the weak equivalence classes of composable chains of morphisms in C of length n, and he proved the following result:
Theorem. Let M be a simplicial closed model category. Then any Reedyfibrant replacement N(M) • of the classification diagram N(M) • is a complete Segal space, and moreover the hom-spaces of N(M)
• agree with the homotopy function complexes of M up to weak homotopy equivalence.
As it turns out, Rezk's result holds more generally. First, Bergner [2009, §6] proved Rezk's conjecture that it suffices for M to be a closed model category (i.e. not necessarily simplicial). Then, Barwick and Kan [2011, §3] verified the case where M is a partial model category. The main result of this paper is a generalization of both results: like Bergner, we do not require functorial factorizations, and like Barwick and Kan, we require neither lifting properties nor (co)completeness.
In fact, very little is needed. Let C be a relative category. By thinking geometrically, one sees that if the Rezk classification diagram N(C) • is Reedy weakly equivalent to a Segal space, then it must be the case that every morphism in Ho C admits a factorization of the form
where w 0 , . . . , w n are weak equivalences in C and f 1 , . . . , f n are morphisms in C, of which at most one is not a weak equivalence. Thus one might expect that for the Rezk classification diagram N(C) • to be a complete Segal space up to Reedy-fibrant replacement, it suffices that C be saturated in the sense of [DHKS, §8] and admit a suitable three-arrow calculus, namely the homotopy calculus of fractions in the sense of Dwyer and Kan [1980b] . This is precisely what we will show. This paper is organized as follows:
• In §1, we recall how to do homotopy theory with categories à la Quillen [1973, §1] .
• In §2, we set up notation and basic results for working with zigzags in relative categories.
• In §3, we prove the main result.
Conventions
• By 'natural number' we mean a non-negative integer: 0, 1, 2, . . .
• By 'closed model category' we mean one in the sense of Quillen [1967] , i.e. we do not require functorial factorizations and we only require finite limits and colimits.
• To avoid set-theoretic difficulties, we will focus on small categories, i.e. categories that only have a set of objects and morphisms rather than a proper class. This is no real restriction under the assumption of a suitable universe axiom.
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Homotopy theory with categories
Every category C has an associated simplicial set N(C), called its nerve, and this construction assembles into a functor N : Cat → sSet. This allows us to think of a category as being a "presentation of a space". In this section, we recall some of the basic definitions and results concerning the manipulation of categories in this capacity. Proof. The two claims are formally dual; we will prove the first version. We may construct a commutative diagram in sSet of the form below,
where the vertical arrows are weak homotopy equivalences, the horizontal arrows in the bottom row are Kan fibrations, and the objects in the bottom row are Kan complexes. Then any pullback diagram of the form EF AB pvq u is a homotopy pullback diagram, and we wish to show that the induced morphism i E : N(E) →Ê is a weak homotopy equivalence. Quillen's Theorem B in its usual form [1] implies that the pullback diagrams
are homotopy pullback diagrams, hence i E : N(E) →Ê is a homotopy-fibrewise weak homotopy equivalence of objects overÂ. It follows that i E : N(E) →Ê is a weak homotopy equivalence, as required.
[1] See [Quillen, 1973, §1] or [Goerss and Jardine, 1999, Ch Let us recall Definition 9.1 from [Dwyer and Kan, 1980b] : Definition 1.6. Let C be a category and let F : C op → Cat and G : C → Cat be functors. The two-sided Grothendieck construction F ⊗ C G is the following category:
• The objects are triples (F, C, G), where C is an object in C, F is an object in F (C), and G is an object in G(C).
• The morphisms (
• Identities and composition are defined in the obvious way.
The two-sided Grothendieck construction F ⊗ C G can be thought of as being the homotopy colimit of G weighted by F . Indeed, we have the following homotopy-invariance property:
is a weak homotopy equivalence of categories, then the induced functor ϕ ⊗ C ψ :
Proof. This is Corollary 9.6 in [Dwyer and Kan, 1980b] .
Zigzags in relative categories
We begin this section by introducing the main objects of study. Recall the following pair of definitions from Barwick and Kan [2012] :
Definition 2.1.
• A relative category is a pair C = (und C, weq C) where und C is a category and weq C is a (usually non-full) subcategory of und C containing all the objects.
• Given a relative category C, a weak equivalence in C is a morphism in weq C.
• The homotopy category of a relative category C is the category Ho C obtained by freely inverting the weak equivalences in C.
• A relative category C is said to be saturated when it satisfies the following condition: a morphism in C becomes invertible in Ho C if and only if it is a weak equivalence in C.
Definition 2.2. Given relative categories C and D:
• A relative functor C → D is a functor und C → und D that restricts to a functor weq C → weq D.
• The relative functor category [C, D] is the relative category whose underlying category is the full subcategory of the ordinary functor category [und C, und D] spanned by the relative functors, with the weak equivalences being the natural transformations whose components are weak equivalences in D.
Given a relative category C, we are interested in understanding the morphisms in its homotopy category Ho C in terms of the morphisms in C itself. This immediately leads us to the following notions.
Definition 2.3.
• A zigzag type is a finite sequence of non-zero integers (k 0 , . . . , k n ), where n ≥ 0, such that for 0 ≤ i < n, the sign of k i is the opposite of the sign of k i+1 .
• Given a finite sequence of integers
is the relative category whose underlying category is freely generated by the graph
where |k| = n i=0 |k i | and (counting from the left) the first |k 0 | arrows point rightward (resp. leftward) if k 0 > 0 (resp. k 0 < 0), the next |k 1 | arrows point rightward (resp. leftward) if k 1 > 0 (resp. k 1 < 0), etc., with the weak equivalences being generated by the leftward-pointing arrows.
• A zigzag in a relative category
given a zigzag, its domain is the image of the object 0 and its codomain is the image of the object |k|.
Example 2.4. For example, [−1; 2] denotes the relative category generated by the following graph,
with 1 → 0 being the unique non-trivial weak equivalence.
However, it is convenient to allow unnormalized notation, e.g.
Any morphism in Ho C is represented by a zigzag in C, and hence one can describe the hom-sets in Ho C as quotients of various sets of zigzags in C by the appropriate equivalence relations. However, there is a more homotopically sensitive construction we can perform, where we instead obtain a category of zigzags between two given objects of C; we we will think of this as a space of morphisms, following the philosophy laid out in §1.
Definition 2.6. Let X and Y be objects in a relative category C and let k be a finite sequence of integers. The category of zigzags in C from X to Y of type [k] is the category C
[k] (X, Y ) defined below:
• The objects are the zigzags in C of type [k] whose domain is X and whose codomain is Y .
• The morphisms are commutative diagrams in C of the form
where the top row is the domain, the bottom row is the codomain, and the vertical arrows are weak equivalences in C.
• Composition and identities are inherited from C.
Remark. In other words, the morphisms in C [k] (X, Y ) are certain hammocks of width 1, in the sense of Dwyer and Kan [1980b] .
Remark 2.7. The following diagram is a pullback square,
where the top horizontal arrow is the evident inclusion and the bottom horizontal arrow is the functor [0] → weq C × weq C corresponding to the object (X, Y ).
In order to prove the main result, we will need to collect some assorted facts about these categories of zigzags, which will occupy the remainder of this section.
Proposition 2.8. Let C be a relative category and let k = (k 0 , . . . , k n ) be a zigzag type.
• The domain projection dom :
• The codomain projection codom :
Moreover:
of categories over weq C × weq C.
• If k 0 < 0 and k n < 0, then
Proof. Straightforward.
Remark 2.9. The observation above will be the backbone of proposition 3.5: the point is that dom : weq [[−1; 1; −1], C] → weq C is a Grothendieck opfibration whose fiber over an object X in C is a category that is itself equipped with a Grothendieck fibration to weq C whose fiber over an object Y in C is the zigzag category 
The main result
In this section we state and prove our main result, namely that a saturated relative category which enjoys a certain factorization condition will the property have that its Rezk classification diagram is a complete Segal space up to Reedy-fibrant replacement. We begin by recalling this factorization condition, which is a variation on the "homotopy calculus of fractions" introduced in [Dwyer and Kan, 1980b] . Definition 3.1. A relative category C admits a homotopical three-arrow calculus if it satisfies the following condition:
• For all natural numbers k and l and all objects X and Y in C, the evident functor
defined by inserting an identity morphism is a weak homotopy equivalence of categories.
Remark 3.2. Let C be a relative category and let W be weq C considered as a relative category where all morphisms are weak equivalences. Then (recalling lemma 2.10) the following are equivalent:
(i) C admits a homotopy calculus of fractions in the old sense.
(ii) Both C and W admit a homotopical three-arrow calculus in our sense.
Moreover, if the weak equivalences in C have the 2-out-of-3 property, then W admits a homotopical three-arrow calculus if C does.
We should think of a homotopical three-arrow calculus as a guarantee that we can reduce our zigzags in C from longer to shorter: the exact condition says that up to some suitable notion of equivalence, we can remove the middle weak equivalence in a zigzag of type [−1; k; −1; l; −1] to obtain a zigzag of type [−1; k; l; −1], and moreover that this reduction is sensitive to the homotopical information contained in the categories of zigzags involved. In fact, the presence of a homotopical three-arrow calculus allows us to reduce all zigzags in C in this homotopically sensitive way to the smallest sort that we might hope. (Recall the discussion in the introduction!) More precisely, there is the following theorem: Theorem 3.3 (Dwyer and Kan). Let C be a relative category and let L H C be the hammock localization.
is natural in the following sense: given weak equivalences X → X ′ and Y ′ → Y in C, the following diagram commutes in sSet,
where the vertical arrow on the left is defined by composition and the vertical arrow on the right is defined by concatenation.
(ii) If C admits a homotopical three-arrow calculus, then the obvious mor-
is a weak homotopy equivalence of simplicial sets.
Proof. (i). Obvious.
(ii). This is Proposition 6.2 in [Dwyer and Kan, 1980b] . Note that the second half of the 'homotopy calculus of fractions' condition is not used, so it does indeed suffice to have a homotopical three-arrow calculus. We also note the following corrections to the proof given in op. cit.:
• The functor B : II → II should instead be given by the following formula:
• The formula given for A does not define a functor on the whole of II; instead, define BA to be the functor given by the following formula:
• In the last line, '5.1 (ii)' should be '6.1 (ii)'.
Corollary 3.4. Let C be a relative category. If C admits a homotopical threearrow calculus, then for any weak equivalences
is a weak homotopy equivalence of categories.
Proof. Use naturality (as in theorem 3.3) and Proposition 3.3 in [Dwyer and Kan, 1980b] .
We are now ready to compute (with assumptions) the homotopy fibers of the functor dom, codom : weq [[1] , C] → C × C, or in other words, the hom-spaces of the Rezk classification diagram of C.
Proposition 3.5. Let C be a relative category and let W = weq C.
(i) There is a pullback diagram in Cat of the form below,
and moreover, the horizontal arrows in the diagram are weak homotopy equivalences of categories.
(ii) For each pair (X, Y ) of objects in C, we have the following pullback diagram in Cat,
where (X, Y ) : [0] → W × W is the functor corresponding to the object (X, Y ) in W × W.
(iii) If C admits a homotopical three-arrow calculus, then we have a homotopy pullback diagram in Cat of the form below,
where the bottom horizontal arrow is defined by the evident projections.
Proof. (i).
It is clear that we have a pullback diagram of the required form, the top horizontal arrow is a weak homotopy equivalence by lemma 2.11, and a similar argument shows that the bottom horizontal arrow is a weak homotopy equivalence as well.
(ii). This is a paraphrase of the definition of
(iii). Consider the following commutative diagram in Cat,
where every square is a pullback diagram. We wish to prove that rectangle (AB) is a homotopy pullback diagram, and since (B) is a homotopy pullback diagram, it suffices (by the homotopy pullback pasting lemma) to verify that (A) is a homotopy pullback diagram; but (by lemma 1.2) the vertical arrows in (C) are also weak homotopy equivalences, so (C) is a homotopy pullback diagram, and hence it is enough to show that the rectangle (AC) is a homotopy pullback diagram. Let H X : W op → Cat be the diagram C [−1;1;−1] (X, −). Then by theorem 1.4, lemma 1.7, proposition 2.8, and corollary 3.4, the pullback diagrams
are homotopy pullback diagrams. Thus, in the diagram shown below,
we know that (D) and (EF) are homotopy pullback diagrams; but corollary 1.5 says that the evident pullback diagram
is a homotopy pullback diagram, so (F) and (E) are also homotopy pullback diagrams. In particular,
is a homotopy pullback diagram, as required.
We will also need a technical result concerning categories of longer zigzags in C and their behavior with respect to replacing the domain and codomain along weak equivalences.
Lemma 3.6. Let C be a relative category and let n be a positive integer. If C admits a homotopical three-arrow calculus, then for any weak equivalences X → X ′ and Y ′ → Y in C, the induced functor
Proof. Since the class of weak homotopy equivalences of categories is closed under composition, it suffices to verify the claim when either X → X ′ or Y ′ → Y is an identity morphism; but the two cases are formally dual, so it is enough to prove the claim in the first case.
The special case n = 1 is corollary 3.4. In general, we have the following commutative diagram,
where the horizontal arrows are the evident functors defined by inserting (two) identity morphisms. The horizontal arrows are weak homotopy equivalences of categories by lemma 2.10 and the hypothesis that C admits a homotopical three-arrow calculus, and the right vertical arrow is a weak homotopy equivalence of categories by Proposition 9.4 in [Dwyer and Kan, 1980b] and lemma 1.7; thus, by the 2-out-of-3 property, the left vertical arrow is also a weak homotopy equivalence of categories, as required.
We now prove that the Rezk classification diagram of a relative category admitting a homotopical three-arrow calculus has the asserted Reedy homotopy type, i.e. that any Reedy-fibrant replacement satisfies the Segal condition. This result sits at the heart of our main theorem (3.8). 
Proof. Let T 1 = [−1; 1; −1], T n = [−1; n; −1], and M n = [−1; 1; −2; n; −1].
We have a commutative cube in Cat of the form below,
where the non-trivial oblique arrows are defined by inserting identity morphisms and both the front and back faces of the cube are pullback squares in Cat; moreover, by theorem 1.4, lemma 1.7, proposition 2.8, and lemma 3.6, the front face is a homotopy pullback diagram. Since the diagonal arrows are weak homotopy equivalences (by lemmas 2.10 and 2.11 plus the hypothesis that C admits a homotopical three-arrow calculus), it follows that the back face is also a homotopy pullback diagram.
We now come to the main theorem. (ii). We may use the argument of the last paragraph of the proof of Theorem 8.3 in [Rezk, 2001] . Proof. By paragraph 8.1 in [Dwyer and Kan, 1980c] , M admits a homotopical three-arrow calculus, and it is well known that M is a saturated relative category,
[2] so we may apply theorem 3.8.
Remark 3.10. Let C be a relative category and let C ♮ be und C considered as a relative category where the weak equivalences are the isomorphisms, and let N(C) • be a fibrant replacement for N(C) • in the model structure for complete Segal spaces. Then N(C) • has the expected universal property considered as an object in the (∞, 1)-category of complete Segal spaces, namely: This is true without further hypotheses on C: see [Cisinski, 2012] . In view of proposition 3.5 and theorem 3.8, the above yields another proof of the correctness of the hammock localization of C.
[2] See e.g. Theorem 1.2.10 in [Hovey, 1999] or Theorem 8.3.10 in [Hirschhorn, 2003] .
Remark 3.11. It is possible for N(C) • to be a complete Segal space without C admitting a homotopical three-arrow calculus. Indeed, if every morphism in C is a weak equivalence, then every face and degeneracy operator of N(C) • is a weak homotopy equivalence of simplicial sets (by lemma 1.2), so N(C) • is a complete Segal space. On the other hand, C could be a relative category in which there is no upper bound to the length of zigzags needed to represent morphisms in Ho C, such as the relative category generated by the infinite graph of the form below,
with all morphisms being weak equivalences. Other than the observation made in the introduction, we know of no necessary conditions.
